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Calibrating and Mosaicking Surface Velocity Measurements from 

Interferometric SAR Data with a Simultaneous Least-squares Adjustment 

Approach 

 

Abstract. 

The repeat-pass interferometric SAR (InSAR) technique has been well established as a precise 

means to extract two-dimensional surface velocity fields. Many applications require velocity 

measurements over a large area and multiple InSAR image frames from the same and/or adjacent 

orbits are needed to achieve full ground coverage. The conventional frame-by-frame processing 

approach often causes velocity discrepancies and discontinuities between adjacent frames. In 

addition, absolute velocity information may not be derived for some image frames due to a lack 

of velocity control points. We present a unified simultaneous least-squares adjustment method 

for calibrating and merging surface displacements derived from multiple InSAR image frames. 

Observation equations have been mathematically derived for velocity control points, flow 

direction control points, and tie points. The major advantages of our method include consistent 

and smooth transition of velocity measurements between adjacent frames and dramatic reduction 

of velocity control point requirements. For those frames devoid of velocity control points, 

absolute velocity measurements can still be derived with this method based on distant velocity 

control points in other frames or motion direction constraints imposed by surface flow stripes. 

The benefits of our method are demonstrated and evaluated by using Radarsat InSAR data for 

Antarctica acquired in 1997. 
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Calibrating and Mosaicking Surface Velocity Measurements from Interferometric SAR 

Data with a Simultaneous Least-squares Adjustment Approach 

1. Introduction 

The ice flow direction and magnitude are instrumental in the re-distribution of ice mass within a 

drainage basin. Knowledge of ice flow velocity is important in assessing ice mass balance and in 

understanding the flow dynamics of ice streams and glaciers (Gray et al. 2001, Zhao 2001, 

Rignot 2002). With the development of the Global Positioning System (GPS) and spaceborne 

remote sensing technology, the ice surface motion can be efficiently and precisely measured and 

monitored. Highly accurate in-situ velocity observations can be made by using the differential 

GPS techniques (Kiernan 1998, King et al. 2000, Hamilton and Whillans 2000). However, 

velocity data from the repeat GPS measurements are often very sparse and cover a limited areal 

extent, because of logistical difficulties and corresponding high cost of field surveys. Spaceborne 

remote sensing data are well suited to derive broad, dense spatial coverage of surface velocity 

information. 

Three methods have been developed to extract surface velocity measurements from 

remotely sensed data. Those include a feature retracking method (Scambos et al. 1992), a phase 

unwrapping method (Goldstein et al. 1993) and a speckle tracking method (Gray et al. 1998). 

The feature retracking method is based on a pair of sequential optical (Lucchita and Ferguson 

1986, Bindschadler and Scambos 1991, Scambos et al. 1992) or radar (Fahnestock et al. 1993) 

images acquired at different times. It measures the displacements of surface features between 

two image acquisitions through an automated image matching algorithm. Because the presence 

of identifiable features is a prerequisite for successful image matching, this method often fails to 

generate velocity measurements for large and featureless ice surfaces. Both the phase 
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unwrapping method and speckle tracking method are based on repeat-pass interferometric 

Synthetic Aperture Radar (SAR) images. Since the launch of the ERS-1 satellite in 1991, the 

repeat-pass interferometric SAR (InSAR) technique has emerged as a precise means to derive 

detailed and accurate measurements of surface motion (Joughin et al. 1996, 1999a, Kowk and 

Fahnestock 1996, Rignot 1996, Mohr et al. 1998, Frolich and Doake 1998, Fatland and Lingle 

1998, Stenoien and Bentley 2000). The phase unwrapping method, first demonstrated by 

Glodstein et al. (1988, 1993), has been well established. The speckle tracking method, also 

known as speckle matching or speckle correlation, has developed as an alternative approach for 

processing repeat-pass interferometric SAR data for the surface velocity (Gray et al. 1998, 

Michel and Rignot 1999, Joughin et al. 1999b, Zhao 2001, Joughin 2002). It is particularly 

suitable for InSAR data with long repeat cycles and areas with high surface motion speed. 

 An InSAR image frame acquired by ERS-1, ERS-2 or Radarsat-1 SAR sensor normally 

covers a ground area of 100 km by 100 km. Many applications require surface velocity data over 

a wider area. Multiple InSAR image frames from the same or adjacent orbits are required to 

achieve a full coverage. Conventionally, InSAR image data were processed separately frame by 

frame. As a consequence of independent processing, velocity measurements obtained from one 

InSAR image frame are generally different from those obtained from other adjacent InSAR 

frames for the overlapping region. When the velocity data derived from individual image frames 

are merged, inconsistency and discontinuity in the surface motion speed and direction between 

neighboring frames are bound to occur. In addition, no matter whether the phase unwrapping 

method or speckle tracking method is used, velocity control points are required to calibrate the 

relative surface displacements from the InSAR data to absolute velocity estimates. Commonly, 

rock outcrops are conveniently selected as zero velocity control points for this purpose. Such 
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velocity control points may not be identified for some InSAR image frames, which preclude the 

derivation of absolute velocity information. 

In this paper, we present a simultaneous least-squares adjustment method for calibrating 

and merging surface motion measurements obtained from multiple InSAR image frames. Based 

on a limited number of velocity control points and a set of velocity tie points, our method 

simultaneously calibrates model parameters and determines surface displacement measurements 

for all frames in a strip or a block. With this method, the velocity discrepancies between adjacent 

image frames are minimized, and a seamless velocity mosaic can be produced. In addition, this 

method greatly relaxes the velocity control point requirements. For those frames devoid of 

velocity control points, absolute velocity measurements can still be derived by utilizing distant 

velocity control points in other image frames or by utilizing the flow direction constraints 

imposed by surface flow stripes. 

In the following sections, we first review the phase unwrapping method and speckle 

tracking method for processing interferometric SAR data, with a brief discussion on their 

comparative advantages. Then, we present the mathematical formulation of observation 

equations for the simultaneous least-squares adjustment of multiple InSAR frames. Next, we 

demonstrate the benefits and evaluate the performance of the simultaneous least-squares 

adjustment method using Radarsat InSAR data for Antarctica acquired in 1997. In the final 

section, we draw some conclusions. 

 

2. Derivation of surface displacement measurements from individual InSAR frames 

The repeat-pass interferometric SAR data consists of two or more complex radar images for the 

same scene acquired by a SAR sensor in a precise repeat orbit. The scene is imaged from almost 
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the same geometry, but with slightly different positions and aspect angles during different passes 

of the spacecraft. The phase unwrapping method and speckle tracking method represents two 

different schemes to measure surface displacements based on the repeat-pass InSAR data. Along 

with the known time span of the repeat cycle, the derived surface displacements can be converted 

to the measurements for surface motion speed and direction. 

The phase unwrapping method measures the phase differences between the complex 

radar images. If the ground is not seriously disturbed between passes, two complex radar images 

can be correlated to form an interferogram. The phase measured from the interferogram includes 

contributions from both the topography effect and the surface motion effect. Using a digital 

elevation model, the topography-induced phase can be removed, resulting in fringe patterns 

solely due to surface motion. When more than two passes of SAR data are available, differential 

interferometry can be used to separate the surface motion component from the topography 

component by a double difference technique (Kwok and Fahnestock 1996, Joughin et al. 1996a). 

After performing the phase unwrapping operation, the absolute phase measurements can be 

converted to surface displacements in the radar line-of-sight (LOS) direction. The accuracy of 

the resulting displacement measurement at each pixel is highly accurate, at a fraction of the radar 

signal wavelength. Under the assumption that the ice flow vector is parallel to the ice surface, the 

radial LOS velocity can be projected into horizontal surface velocities with an estimate of the 

flow direction from a digital elevation model (DEM) (Kwok and Fahnestock 1997). With two 

InSAR pairs respectively from ascending and descending passes, three-dimensional surface 

displacements can be solved at an improved accuracy without using the surface parallel flow 

assumption (Kwok and Fahnestock, 1996, Joughin et al. 1998, Mohr et al. 1998, Joughin 2002, 

Gray et al. 2005). 
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For one interferometric SAR pair, the surface motion induced phase component (Φm) in 

the LOS direction can be expressed as (Zhao 2001): 

0ΦΦΦm −=      (1) 

where Φ is the unwrapped phase after the removal of the topography effect, and Φ0 is an 

unknown constant phase, which is caused by the arbitrary selection of an initial start point for 

phase unwrapping. The surface motion velocity (Vr) in the range (cross-track) direction can be 

calculated by Equation (2): 
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where λ is the wavelength of radar signal, T is the time interval between acquisitions, β is the 

incidence angle, and αr is the surface slope angle in the range (cross-track) direction. The 

geometry parameters of interferometry are illustrated in figure 1. 

(Insert figure 1 near here) 

The speckle tracking method measures surface displacements by correlating and tracking 

the image speckle patterns between two repeat-pass acquisitions (Gray et al. 1998). A correlation 

matching algorithm is commonly used to obtain both azimuth (along-track) and range (across-

track) direction offsets based on the coherent speckle pattern of small chips of the InSAR image 

pair. The cross-correlation can be performed using the real-valued amplitude images or the 

complex-valued radar images (Gray et al. 2001, Young and Hyland 2002, Joughin 2002). For 

low-correlation regions, the cross-correlation surface from the complex-valued radar images is 

more strongly peaked, and hence more accurate matches can be achieved with a relatively small 

chip size. In regions with shear or steep topography, however, large phase gradients across the 

image chips often fail the match by reducing or eliminating the correlation peak. In such regions, 
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the cross-correlation based on the amplitude radar images is unaffected by the phase gradients 

and can generate reliable offset estimates. Through oversampling of the correlation surface, the 

matching peak can be determined to a small fraction of a pixel spacing, resulting in accurate 

estimates of the surface displacements. It should be noted that the speckle tracking method does 

not depend on visible features in the images and is normally much more accurate than the feature 

retracking method, which depends on visible and identifiable features. The topography induced 

range offset component can be removed by using a digital elevation model. The range offset (δr) 

after the removal of topography effect and azimuth offset (δa) include a non-motion component 

contributed by the imaging geometry (parallel baseline and orbit squint angle). The non-motion 

term in the range and azimuth offsets can be modeled using a linear model. The actual surface 

displacements in the range and azimuth direction can be computed by removing the modeled 

non-motion term as (Zhao 2001, Joughin 2002): 

)( 210 yaxaad rr ++−= δ   (3) 

)( 210 ybxbbd aa ++−= δ   (4) 

where dr and da are respectively the surface displacements in the range and azimuth directions 

measured in pixel, x and y are the range and azimuth coordinates of the slant range image, a0, a1, 

and a2 are coefficients of the linear model, which account for the non-motion term in range 

direction, and, b0, b1, and b2 are coefficients of the linear model, which account for the non-

motion term in azimuth direction. Parameters a0 and b0, are related to the parallel baseline, a1 

and b1, are related to the orbit squint angle, and a2 and b2, are related to the change of the orbit 

squint angle along the flight line. The velocity components in the range (Vr) and azimuth (Va) 

directions can be calculated from the equations below: 
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where B is the length of the base line, χ  is the baseline angle, β is the local incidence angle, θ is 

the radar look angle, αr and αa are terrain slopes respectively in the range and azimuth directions, 

Sr and Sa are pixel sizes respectively in range and azimuth directions, and T is the time interval 

between two image acquisitions. The definitions of the above geometric parameters are 

illustrated in figure 1. Since range pixel size is larger than azimuth pixel size for a slant range 

SAR image and the range motion estimates are affected by the baseline and topography, the 

range velocity estimates from the speckle tracking method are much less accurate than the 

azimuth velocity estimates. 

The two-dimensional horizontal velocity field (V
v

) can be expressed as: 

aVrVV ar
vvv

+=      (7) 

where rV and aV  are the magnitudes of the surface motion speed in the range and azimuth 

directions, and rv  and av  are unit vectors in the range and azimuth directions. The surface motion 

speed (s) and direction (ψ) can be calculated by the following equations: 

22
ar VVs +=     (8) 
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The phase unwrapping method and speckle tracking method have their advantages and 

disadvantages (Joughin et al. 1999b, Gray et al. 2001, Zhao 2001, Joughin 2002). In fact, they 

are complementary each other. With one interferometric SAR image pair, the speckle tracking 
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method can derive two-dimensional surface displacements in both range and azimuth directions, 

in contrast to the range-only displacement measurement of the phase unwrapping method. For 

the speckle tracking method, the accuracy requirements for orbit and topographic data are not as 

stringent as for phase unwrapping method. In fast-moving areas, the high fringe rate of the 

interferogram may make the phase unwrapping impossible, or the interferogram may be 

unwrapped into several small and disconnected regions due to the patchy coherence. Since the 

speckle tracking method is less sensitive to decorrelation and does not require phase unwrapping, 

it is able to provide displacement measurements farther into the shear margins and across areas 

with a higher strain rate. In comparison, the primary advantages of the speckle tracking method 

lie in its ability to estimate surface motion speed and direction with one interferometric data pair 

and its suitability in areas of high ice velocity and long orbit repeat cycles. The major 

disadvantage of the speckle tracking method is that its range direction displacement 

measurements have intrinsically lower resolution and inferior accuracy, compared with the 

differential phase-based measurements of the phase unwrapping method. 

To make full use of the comparative advantages of both methods, the range motion 

component derived by the phase unwrapping method and the azimuth motion component derived 

by the speckle matching method should be combined whenever possible (Gray et al. 2001, Zhao 

2001, Joughin 2002). Coupling the speckle tracking method with the phase unwrapping method 

creates the two-dimensional horizontal surface velocity field with the best possible accuracy. 

When no differential phase measurements can be made, for instance, in the case of fast-moving 

areas or the InSAR data pair with a long temporal baseline, the speckle tracking method is the 

only possible approach to obtain the measurements of both the range and azimuth motion 

components. 
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3. Mathematical formulation of observation equations and unified least-squares 

adjustment 

We propose a simultaneous least-squares adjustment method for calibrating and mosaicking the 

surface displacement measurements derived from multiple InSAR data pairs in a strip or a block. 

A strip consists of a sequence of overlapping InSAR data pairs that are acquired from the same 

orbit. A block comprises a number of overlapping strips of InSAR data. The first step in a least-

squares strip or block adjustment is to identify the underlying observation equations, along with 

the minimum number of constraints (control points) necessary to solve for the adjustment 

problem. In the simultaneous least-squares adjustment, we incorporate the following types of 

constraints: velocity control points, flow direction control points, and velocity tie points.  The 

goal of the simultaneous least-squares adjustment is to reduce the number of required control 

points to a minimum and to produce a consistent and seamless velocity mosaic within a strip or a 

block.  We derive and present mathematical observation equations in two different cases, which 

are referred to as case 1 and case 2 in the following sections. In case 1, the speckle tracking 

method alone is used to derive both range and azimuth displacements for the two-dimensional 

velocity field. Case 1 fits situations where the surface motion is fast and/or the interferometric 

SAR pair has a long temporal baseline. In case 2, the range displacements derived from the phase 

unwrapping method are combined with the azimuth displacements derived from the speckle 

tracking method to calculate the two-dimensional velocity field. As discussed above, case 2 is 

suitable for the slow moving areas. 

 

3.1 Observation equations for velocity control points 
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In case 1, Equations (3) and (4) are used to calculate range and azimuth displacements. Six 

unknown parameters need to be determined, including a0, a1, a2. b0, b1, and b2. In case 2, 

Equation (1) is used to calculate range displacements while Equation (4) is still used to calculate 

azimuth displacements. There are four unknown parameters in Equations (1) and (4), including 

Φ0, b0, b1, and b2 Once the four parameters are determined, the two-dimensional surface 

displacements can be calculated. 

 Velocity control points play an important role in calibrating the unknown parameters. A 

velocity control point is a feature with a known position and velocity. Namely, its range and 

azimuth coordinates and its surface displacements in both range and azimuth directions (Dr, Da) 

during the orbit repeat cycle are known. For case 1, observation equations for a velocity control 

point can be derived from Equations (3) and (4) as: 

rr Dyaxaa −=++ δ210   (10) 

aa Dybxbb −=++ δ210   (11) 

For case 2, the azimuth observation equation for the velocity control point is the same as 

equation (11), and the range observation equation can be derived from Equation (1) as: 

λ
π rD

ΦΦ
4

0 −=    (12) 

In practice, features at rock outcrops are often selected as stationary velocity control 

points, and their surface displacements are set to zero, namely, Dr=0 and Da=0. Non-stationary 

velocity control points can be acquired through in situ GPS measurements, but they are often 

unavailable. Each stationary or non-stationary velocity control point gives rise to two 

observation equations. The accurate determination of the unknown parameters requires a least-

squares calibration with redundant observations. In case 1, a minimum of 4 non-collinear 
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velocity control points are required to calibrate the six unknown parameters a0, a1, a2. b0, b1, and 

b2 in observation equations (10) and (11). In case 2, at least 3 non-collinear velocity control 

points are required to calibrate the four unknown parameters Φ0, b0, b1, and b2 in observation 

equations (11) and (12). The quality, number, and spatial distribution of the velocity control 

points influence the estimates of the unknown parameters and hence the accuracy of the surface 

displacements. If the velocity control points are well distributed in both the range and azimuth 

directions, the least-squares solution for the parameters would be more stable and reliable. A 

larger number of velocity control points can reduce the propagation of errors in the velocity 

control points. 

 

3.2 Observation equations for flow direction control points 

In some cases, no sufficient number of stationary or non-stationary velocity control points can be 

identified for the least-squares calibration of the unknown parameters. But, we may be able to 

determine the ice flow direction at many locations using ice flow stripes visible on the SAR 

images. In this paper, we extend the definition of velocity control points by including the flow 

direction control points. A flow direction control point is a location whose flow direction angle 

(ψ) is known, but no information is available for the magnitude of flow speed. The flow 

direction control point defines a ratio of range motion and azimuth motion by the equation 

below: 

ψtan=
r

a

V
V

   (13) 

where Vr and Va are range and azimuth direction velocity components, and ψ is the flow 

directional angle. 

(Insert figure 2 about here) 
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A flow direction control point can be acquired by directly measuring the orientation angle 

(ψ) of a flow stripe on a SAR image. Nevertheless, it is more convenient and efficient in practice 

to measure the range and azimuth coordinates of the end points (x1, y1) and (x2, y2) for a short 

straight segment along a flow stripe in the slant range SAR image  (figure 2). By differencing the 

range and azimuth coordinates of the two end points, we can obtain the range and azimuth 

offsets (∆r, ∆a) along the flow stripe, which virtually define the flow directional angle. 

For case 1, the measured range and azimuth offsets along a flow stripe can be expressed 

as: 

yaxaark r 210 −−−=∆ δ    (14) 

ybxbbak a 210 −−−=∆ δ    (15) 

where k is a constant scaling factor, other parameters are the same as those in Equations (10) and 

(11). By dividing Equation (15) by Equation (14), we can cancel the scaling factor k and obtain 

the following observation equation for a flow direction control point: 

ra r
aybxbb

r
ayaxaa δδ

∆
∆

−=++
∆
∆

−++ )( 210210  (16) 

For case 2, Equation (14) is replaced by the following equation: 

)Φ(Φ
πS
λrk

r
04

−=∆      (17) 

By dividing Equation (15) by Equation (17), we can cancel the scaling factor k and obtain the 

following observation equation for case 2: 

aδΦ
π∆r
λ∆aybxbbΦ

π∆r
λ∆a

−=−−−
44 2100   (18) 

Compared with stationary and non-stationary velocity control points, flow direction 

control points impose relatively weaker constraints on the least-squares adjustment.  Each flow 
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direction control point can only provide one observation equation. In case 1, there are six 

unknown parameters in observation equation (16), including a0, a1, a2. b0, b1, and b2. At least 7 

non-parallel flow direction control points are required for the least-squares solution. In case 2, 

there are four unknowns in observation equation (18), including Φ0, b0, b1, and b2. A minimum 

of 5 non-parallel flow direction control points are required for the least-squares solution for the 

unknown parameters. For the areas where no rock exposures can be found or no in situ velocity 

measurements are available, the flow stripes visible on SAR images can be used as flow 

direction control points to form observation equations for the least-squares adjustment. However, 

caution should be exercised when using flow stripes as direction controls. Although in most 

cases visible flow stripes indicate the present ice flow directions, they might be relic and hence 

do not represent current ice flow patterns in some rare situations (Casassa and Brecher 1993). 

 

3.3 Observation equations for tie points and simultaneous adjustment of multiple frames 

To obtain a full coverage of velocity measurements for a large area, multiple frames of 

interferometric SAR data sets from the same or adjacent orbits need to be processed. If 

interferometric data frames are processed independently, at least 4 non-collinear velocity control 

points or 7 non-parallel flow direction control points are required for each frame in case 1, and at 

least 3 non-collinear velocity control points or 5 non-parallel flow direction control points are 

required for each frame in case 2. If both velocity control points and flow direction control points 

are available, they can be combined to form the minimum number of observation equations 

required to calibrate the unknown parameters for each frame. However, absolute velocity 

measurements cannot be derived for those frames where the number of available control points is 

fewer than the required minimum. The other serious problem is that, even with an adequate 
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number of control points for each frame, velocity measurements calculated from neighboring 

frames often are different for overlapping areas. This is because the accuracy and spatial 

arrangement of control points vary from frame to frame. When the merged velocity 

measurements are used in glaciological and geophysical applications, artificial velocity 

discontinuities between adjacent frames often mislead the numerical analysis. To eliminate 

velocity discontinuities and to relax the need for a certain number of control points for each 

frame, we propose the use of velocity tie points to stitch individual interferometric SAR frames 

together within a strip or a block. Instead of an independent least-squares calibration for a single 

interferometric SAR image frame at a time, we simultaneously compute unknown parameters for 

all image frames in a strip or a block by linking individual image frames through tie points. 

A tie point refers to the same ground feature that can be recognized in two overlapping 

images. Tie points can be identified visually or through an automated image matching technique. 

For a tie point, its velocity can be derived from two different images. Logically, the velocity 

measurement for a tie point derived from one image frame should be exactly the same as that 

from the other image. This condition is used as a constraint to derive the observation equations 

for the tie points. We first limit our discussion to a strip consisting of two overlapping frames, 

but it can be easily extended to a strip or a block having more than two overlapping image 

frames. 

(Insert figure 3 near here) 

As shown in figure 3, tie points are located in the overlap area between two adjacent 

images i and i+1. In case 1, we can write two equations for calculating the range and azimuth 

surface displacements of a tie point based on the first image frame (i) as follows: 

)( 210
iiiiii

rr yaxaad ++−= δ    (19) 
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)( 210
iiiiii

aa ybxbbd ++−= δ    (20) 

where ix  and iy  are range and azimuth coordinates of the image frame i, i
rδ  and i

aδ  are the 

measured range and azimuth offsets of the tie point from the image frame i, and ia0 , ia1 , ia2 , ib0 , 

ib1 , and ib2  are six unknown parameters for the image frame i. 

Similarly, we can write two equations for the tie point based on the second image frame 

(i+1) as follows: 

)( 11
2

11
1

1
0

1 ++++++ ++−= iiiiii
rr yaxaad δ    (21) 

)( 11
2

11
1

1
0

1 ++++++ ++−= iiiiii
aa ybxbbd δ    (22) 

where 1+ix  and 1+iy  are range and azimuth coordinates of the image frame i+1, 1+i
rδ  and 1+i

aδ  are 

the measured range and azimuth offsets of the tie point from the image frame i+1, and 1
0
+ia , 1

1
+ia , 

1
2
+ia , 1

0
+ib , 1

1
+ib , and 1

2
+ib  are six unknown parameters for the image frame i+1. 

By subtracting equation (21) from equation (19) and equation (22) from equation (20), 

we obtain two observation equations for a tie point in case 1: 

111
2

11
1

1
0210

++++++ −=−−−++ i
r

i
r

iiiiiiiiii yaxaayaxaa δδ  (23) 

111
2

11
1

1
0210

++++++ −=−−−++ i
a

i
a

iiiiiiiiii ybxbbybxbb δδ  (24) 

In case 2, the azimuth observation equation for a tie point is the same as equation (24). 

Following Equation (1), we can write two equations to calculate the phase respectively from 

image frame i and frame i+1 as: 

ii
m ΦΦΦ 0−=       (25) 

1
0

1 ++ −= ii
m ΦΦΦ      (26) 
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where iΦ , 1+iΦ  are the measured phases from image frame i and image frame i+1, iΦ0  and 1
0
+iΦ  

are the unknown parameters respectively for image frame i and image frame i+1. Subtracting 

Equation (26) from Equation (25), we obtain the range observation equation for a tie point in 

case 2: 

11
00

++ −=− iiii ΦΦΦΦ      (27) 

Observation equations for velocity control points, flow direction control points, and 

velocity tie points within a strip or a block can be integrated to perform a unified least-squares 

calibration of unknown parameters for all image frames. Assume that we have n velocity control 

points and m flow direction control points for image frame i, p velocity control points for image 

frame i+1, and q velocity tie points between image frame i and image frame i+1. Observation 

equations for a mixture of different types of control points and tie points can be written in a 

matrix format for case 1 as follows: 

 

Similarly, we can write the observation equations in matrix format for case 2 as follows: 
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In the matrix, the upper index of each variable refers to the frame number, while the 

lower index refers to the sequential identification number of control points and tie points. Totally, 

there are 2(n+k+p)+m observation equations. We denote the design matrix on the left side of the 

equation (28) or (29) by A, the observation vector on the right side by b, and the vector of 

unknown parameters by X. Then, we have the generic form of the observation equations: 

bAX =     (30) 

The least-squares solution for the unknown parameters can be obtained by solving normal 

equations as follows (Mikhail and Ackermann 1976, Press et al. 1992, Mikhail et al. 2001): 

bAA)(AX T1T −=ˆ    (31) 

where AT is the transpose of the design matrix and (ATA)-1 is the inverse of the matrix of the 

normal equations. If the normal equations are close to singular or large round-off errors are 

involved, the singular value decomposition (SVD) method gives a more reliable solution to the 

least-squares problem (Press et al. 1992). The simultaneous least-squares adjustment is made so 

that the velocities of tie points fit together as well as possible, and the residual discrepancies at 

the velocity control points are as small as possible. 

(29)               
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For a strip or a block with k image frames, there are 6k unknown parameters in case 1 and 

4k unknown parameters in case 2 to be solved in the adjustment. Therefore, the required 

minimum number of linearly independent observation equations is 6k+1 for the case 1 and 4k+1 

for case 2. The observation equations contributed by tie points free us from the stringent need of 

velocity control points (stationary or non-stationary) and/or flow direction control points for each 

frame. The simultaneous strip or block adjustment solves one difficult practical problem: for 

some image frames we are unable to identify a sufficient number of velocity control points. By 

exploiting tie points in the strip or block adjustment, unknown parameters for those frames 

without velocity control points can be calibrated based on distant velocity control points in other 

image frames. In other words, velocity control points in one frame can contribute to the 

calibration of unknown parameters of other frames through tie points. The incorporation of 

constraints imposed by tie points also minimizes the discrepancies of velocity measurements 

derived from adjacent image frames for overlapping areas. The improved consistency makes it 

possible to create a seamless velocity mosaic. In addition, the integration of all velocity control 

points within a strip or a block will increase the redundancy of observation equations and 

constrain the propagation of errors in individual velocity control points. 

 

4. Application Results 

The simultaneous least-squares adjustment method proposed above has been successfully applied 

to the processing of Radarsat-1 interferometric SAR data acquired during the first Antarctic 

Mapping Mission (AMM-1) in September and October of 1997. Since Radarsat-1 has a 24-day 

repeat orbit cycle and the AMM-1 lasted for 30 days, the final 6 days of repeat-pass acquisitions 

provide a large volume of interferometric SAR data for Antarctica (Jezek 1999, 2002). The long 
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24-day repeat cycle makes the Radarsat InSAR data sensitive to surface motion and is nearly 

ideal for measuring slow ice motion with the conventional phase unwrapping method. But, the 

phase unwrapping for Radarsat interferometric data is difficult in fast-moving areas, where the 

speckle tracking method becomes an effective alternative approach. In the following sections, we 

report the application results for two study sites in Antarctica. One site is the lower reach of the 

Lambert Glacier and the Amery Ice Shelf, which represents a fast-moving area. The other site is 

located in the upper reach of the Recovery Glacier, which represents a relatively slow moving 

area. These application examples demonstrate the usefulness of ice flow stripes as control points 

and the benefits of the simultaneous least-squares adjustment with tie points. 

 

4.1. Strip adjustment of velocity measurements from the speckle tracking method 

The Lambert Glacier basin and the Amery Ice Shelf were imaged by the Radarsat-1 C-band 

sensor on September 24, 1997 with a nominal look angle of 27°. The same area was imaged 

again on October 18, 1997 during a repeat orbit. Figure 4 shows the location of the study area 

and the coverage of the interferometric SAR data. The image strip consists of 8 consecutive 

frames of interferometric SAR data pairs. Each frame covers a ground area of 100 km by 100 km, 

with about 10 km wide overlap between neighboring frames. Due to fast ice motion and 

relatively high relief, the conventional phase unwrapping method does not work well, and no 

reliable phase measurements can be made for this site. Therefore, the speckle tracking method is 

used to derive both the range and azimuth displacements. The cross-correlation is performed 

using the single look slant range amplitude images. We experimented with different sizes for the 

match window. Larger window sizes generally produce more and stronger matches, but require 

greater spacing between adjacent velocity nodes to minimize the correlation of those surface 
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displacement estimates. An amplitude match was accepted as a successful match based on an 

experimentally determined correlation threshold of 0.05. We chose an optimal window size of 96 

by 96 pixels, which produced a dense coverage of observations. The match only failed in the 

margins of the ice streams with high shear strain rate, in the central part of the confluence of the 

Lambert Glacier, the Mellor Glacier, and the Fisher Glacier, and in a small patch toward the 

front of the Amery Ice Shelf. 

The correlation peak was determined by oversampling the correlation surface by a factor 

10. The matched points were checked for outliers using a median operator. A match whose 

estimated range or azimuth offset differs from the median of its surrounding match points by a 

specified threshold value was flagged as an outlier and discarded. We interpolated good match 

points into a range offset grid and an azimuth offset grid with a spacing of 200 m. The 

topography induced component is removed from the range offset grid by using the OSU Digital 

Elevation Model (DEM) (Liu et al. 1999). 

(Insert figure 4 near here) 

First, we use frame 5095 and frame 5082 to demonstrate the advantages of simultaneous 

least-squares adjustment over independent frame-by-frame adjustment. Since no in-situ velocity 

measurements are available for this region, we identify rock outcrops and use them as stationary 

velocity control points. We identify 17 stationary velocity control points for frame 5082 and 16 

stationary velocity control points for frame 5095, which are well distributed in both the range 

and azimuth directions. Following Equation (10) and Equation (11), we wrote 34 observation 

equations for frame 5082, and 32 observation equations for frame 5095 based on the control 

points. With overabundant observation equations, we calibrated the unknown parameters a0, a1, 

a2. b0, b1, and b2 respectively for frame 5082 and frame 5095 as shown in table 1. Using the 
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calibrated parameters, the motion induced surface displacements in the range and azimuth 

directions were computed for each grid cell, and the surface velocity for each grid cell was then 

calculated by using Equations (5) and (6). In the calculation, the surface slopes along the range 

and azimuth directions were estimated by using the OSU Digital Elevation Model (DEM) (Liu et 

al. 1999). 

(Insert table 1 near here) 

As shown in figure 5, the spatial pattern of the derived speed appears consistent with 

glacial features and the flow directions agree well with ice flow stripes in the scene. However, 

the merged velocity field has an obvious seam line (figure 6a), which indicates a sudden change 

in velocity between frame 5082 and frame 5095. In fact, the average speed discrepancy between 

frames is about 6 m/year for the overlapping area. 

(Insert figure 5 about here) 

With 30 tie points in the overlapping area between two frames, we performed a 

simultaneous least-squares adjustment. The tie points were initially determined by using 

ancillary information in the header files and then refined using the cross-correlation matching 

with sub-pixel level accuracy. Following Equations (23) and (24), we obtained 60 observation 

equations for the tie points. By combining 17 stationary velocity control points from frame 5082, 

16 stationary velocity control points frame 5095, and 30 tie points, we obtained 126 observation 

equations in a matrix format similar to Equation (28). The unknown parameters a0, a1, a2. b0, b1, 

and b2 for frame 5082 and frame 5095 were simultaneously computed based on the 126 

observation equations, as shown in table 1. The parameters calibrated by the simultaneous least-

squares adjustment were used to re-compute the velocity fields for the two frames. The 

consistency of the estimated velocity between two frames was greatly improved. We calculated 
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the velocity difference for each pixel in the 10 km wide overlapping area. The average velocity 

difference has been reduced from 6 m/year to 1.33 m/year, and the standard deviation of the 

velocity difference has also been reduced from 9.5 m/year to 4.6 m/year. Note that the standard 

deviation value mainly represents the effect of random noise, and the effect of the simultaneous 

least-squares adjustment on the reduction of the systematic bias is obviously greater than that of 

the random error. The simultaneous adjustment achieved a continuous transition of the velocity 

field between the two frames as evidenced by the seamless velocity mosaic in figure 6b. 

(Insert figure 6 about here) 

The simultaneous least-squares adjustment method also eliminates the stringent 

requirement regarding velocity control points for each frame. To demonstrate this desirable 

property, we dropped the 17 stationary velocity control points for frame 5082, and only 

employed 16 stationary velocity control points for frame 5095 and 30 tie points. In the course of 

the simultaneous strip adjustment, the parameters a0, a1, a2. b0, b1, and b2 for frame 5082 were 

calculated based on the tie points and stationary velocity control points in the adjacent frame 

5095. As shown in table 2, the parameters estimated for frame 5082 without using the velocity 

control points in this frame are very similar to those calculated by using the velocity control 

points in this frame. The average velocity difference for the entire frame is only 3.2 m/year, 

compared with the velocity estimates using velocity control points in frame 5082. This 

demonstrates that the simultaneous least-squares adjustment method is able to derive the velocity 

measurements for those frames without velocity control points. This is of particular importance 

for flat featureless snow surfaces such as portions of the Amery Ice Shelf covered by frames 

4998 and 4981, where no rock exposures can be found and used as stationary velocity controls. 

(Insert table 2 and figure 7 about hear) 
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 Flow direction control points can be used alone or in conjunction with stationary velocity 

control points in the least-squares adjustment for solving the unknown parameters for a frame. 

To demonstrate this, we identified 24 flow direction control points for frame 5095 by drawing a 

line segment along the visible flow stripes on the slant range SAR image. The flow direction 

control points are shown in figure 7 as line segments, and their positions are marked as circles in 

the middle of the line segments. Following Equation (16), we established 24 observation 

equations for the flow direction control points. As shown in figure 7, the flow stripes used for 

flow direction control have different orientations, which ensure linear independence between the 

observation equations. By using 24 observation equations derived only from the flow direction 

control points, we calibrated the parameters for frame 5095. As shown in table 2, the parameter 

values of a0, a1, a2. b0, b1, and b2 calibrated from the flow direction control points are similar to 

those calibrated from the stationary velocity control points. The corresponding velocity 

difference is 8.1 m/year on average for the entire frame, compared with the results from the 

stationary velocity control points. It should be pointed out that the parameters calibrated by the 

stationary velocity control points have higher accuracy and should be used whenever they are 

available. Nevertheless, if stationary velocity control points cannot be identified, flow direction 

control points can be used instead to derive velocity estimates at a slightly lower but acceptable 

level of accuracy. 

(Insert table 3 and figure 8 about hear) 

 To derive a seamless velocity mosaic for the entire strip, we performed a unified 

simultaneous least-squares adjustment of the eight consecutive interferometric frames by 

integrating stationary velocity control points, flow direction control points and tie points. As 

shown in table 3, we identified plenty of stationary velocity control points for the five frames on 
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the left side of the strip, a few stationary velocity control points for frame 5015, and no 

stationary velocity control points for frame 4998 and frame 4981. Nevertheless, we were able to 

extract 9 flow direction control points for frame 4998 and 6 flow direction control points for 

frame 4981. We identified 30 tie points for adjacent frames, resulting in 210 tie points for the 

entire strip in total. The combination of stationary velocity control points, flow direction control 

points and tie points from all frames creates observation equations in a similar matrix format as 

Equation (28). We simultaneously computed the parameters for all eight frames and hence 

created a seamless velocity mosaic across the entire strip as shown in figure 8. Ice surface 

velocity is shown as a color overlay. The lower speeds are represented with blue tones, changing 

to red for the highest speeds. Velocity varies considerably along the glacial floor and the ice 

shelf. It increases from the interior up to about 800 m/year at the confluence of the Lambert 

Glacier, the Mellor Glacier and the Fisher Glacier. Then, the velocity decreases to lower values 

of 300-350 m/year in the middle section and increases to a maximum of about 1470 m/year near 

the front of the Amery Ice Shelf. 

 

4.2 Strip adjustment of velocity measurements derived from the phase unwrapping method and 

the speckle tracking method 

The Recovery Glacier in East Antarctica was imaged by the Radarsat-1 sensor during AMM-1 

two times respectively on September 23 and October 27 of 1997 during repeat orbits. We use 

two adjacent frames, 5527 and 5544, from this interferometric strip to demonstrate the 

simultaneous least-squares adjustment of surface displacement measurements derived by 

coupling the phase unwrapping method and the speckle tracking method. The two 

interferometric frames cover the upstream reach of the Recovery Glacier (figure 9), which is a 
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relatively slow moving area with a low snow accumulation rate. Sufficient coherence of 

interferometric SAR pairs enables us to employ the conventional phase unwrapping method to 

derive precise measurements on the range displacements. Along with the azimuth displacements 

derived from the speckle tracking method, highly accurate two-dimensional surface velocity 

fields for two frames were derived. 

(Insert figure 9 about here) 

To derive the range displacements, we conducted a sequence of interferometric 

processing steps on the Single Look Complex (SLC) images of InSAR pairs. First, sub-pixel 

level co-registration of the two SLC images was performed using a local co-registration method 

(Zhao 2001). With co-registered complex images, the interferogram and coherence image were 

calculated. Phase flattening was performed to remove the baseline and topography effects based 

on the OSU DEM (Liu et al. 1999). Goldstein’s branch-cut method (Goldstein et al. 1988, 1993) 

was used to unwrap the differential phase. The baseline geometry was also refined with ground 

control points. After removing the baseline and topography effects, the unwrapped phase 

measurements are related only to surface motion in the LOS direction. By using the speckle 

tracking method as described above, we also derived azimuth offset grids for both frame 5527 

and frame 5544. 

(Insert table 4 near here) 

We first performed an independent single frame least-squares calibration to determine 

parameters for each frame. For frame 5527, we identified 14 stationary velocity control points. 

Following Equation (11) and Equation (12), we obtained 28 observation equations. The 

parameter values of Φ0, b0, b1, and b2 calibrated for frame 5527 by the single frame least-squares 

adjustment are shown in table 4. Similarly, we calibrated the unknown parameters Φ0, b0, b1, and 
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b2 for frame 5544 using 26 stationary velocity control points (table 4). We computed the velocity 

field for each frame by using Equation (2) and Equation (6). For the 10 km wide overlap area, 

the velocity differences between the two frames have a mean value of 4.39 m/year and a standard 

deviation of 6.74 m/year. Again, the velocity difference is caused by the fact that velocity control 

points for each frame have a different quality and spatial configuration and the imaging geometry 

for the two frames was also slightly different. 

(Insert figure 10a and 10b near here) 

To perform a simultaneous strip adjustment, 22 tie points were identified in the overlap 

area. Observation equations for each tie point were created following Equation (24) and Equation 

(27). By integrating tie points and stationary velocity control points for both frames, we obtained 

observation equations in a matrix format similar to Equation (29). The unknown parameters Φ0, 

b0, b1, and b2 for frame 5527 and frame 5544 were simultaneously determined in the course of 

the simultaneous least-squares adjustment. Table 4 lists the calibration results for these 

parameters. After strip calibration, the mean of the velocity difference for the overlap area has 

been reduced to 0.55 m/year from 4.39 m/year, and the standard deviation of velocity difference 

has been also reduced to 4.96 m/year from 6.74. The seamless velocity mosaic in figure 10 

suggests that the simultaneous strip adjustment with tie points minimizes the discrepancy of 

velocity measurements between adjacent frames and enhances the consistency of velocity 

measurements within the strip. 

 

5. Conclusions 

Repeat-pass interferometry has been well established as a precise technique to measure surface 

motion. Previously, multiple interferometric SAR image frames were commonly processed on a 
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frame by frame basis to obtain velocity estimates over a large area. This paper presents a 

simultaneous least-squares adjustment method for calibrating and merging surface displacement 

measurements derived from individual interferometric SAR pairs within a strip or a block. 

Observation equations for velocity control points, flow direction control points, and tie points 

have been mathematically derived in two cases. In the first case, both range and azimuth surface 

displacements are derived by the speckle tracking method. In the second case, range 

displacements are derived by the phase unwrapping method and azimuth displacements are 

derived by the speckle tracking method. Although the simultaneous block adjustment method has 

long been employed in photogrammetry to process a series of aerial photographs or satellite 

images into an orthorectified image mosaic (Kraus 1993, Mikhail et al. 2001), this paper 

represents the first detailed treatment of the simultaneous least-squares adjustment method for 

processing multiple frames of interferometric velocity data. 

 Mathematical derivation and application examples clearly show that the simultaneous 

least-squares adjustment method has several advantages over the frame-by-frame processing 

method. First, it enhances the velocity consistency across the entire strip or block and avoids 

possible artificial spatial discontinuities of the velocity between frames. Second, it relaxes the 

requirement for a certain minimum number of velocity control points in each frame. The use of 

tie points makes it possible to bridge frames that do not have velocity control points. In addition, 

we demonstrate that ice flow stripes can be utilized as flow direction constraints in the least-

squares adjustment. The introduction of this new type of control points further reduces the 

difficulty and cost associated with the acquisition of stationary and non-stationary velocity 

control points in practice. Third, the simultaneous least-squares adjustment by integrating all 

velocity control points and tie points can limit the propagation of errors in the input control 
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points and hence improve the overall accuracy of velocity measurements across the entire strip or 

block. 

Usually, interferometric SAR data are processed by data suppliers into individual square 

frames with overlapping areas, although the raw radar data were acquired in a continuous strip. 

This is because the storage and memory requirements are extremely high for processing 

interferometric SAR data and most InSAR software packages can only handle individual InSAR 

frames. However, it should be noted that it is possible to process a long interferometric SAR strip 

at one time, if one has a SAR processor and software tools to handle an interferometric SAR strip. 

With strip mode processing, we can avoid strip adjustment for stitching individual frames into a 

continuous strip. But, the simultaneous least-squares adjustment method would be still useful for 

calibrating and merging adjacent strips into a block. 

Our method has been successfully applied to the processing of multiple frames of 

interferometric data in Antarctica collected by the Radarsat-1 C-band SAR sensor. It should be 

emphasized that the observation equations that we derived for the velocity control points, flow 

direction control points, and tie points are generic and equally applicable to interferometric data 

collected by other SAR sensors. With the increasing availability of interferometric SAR data, we 

believe that our simultaneous least-squares adjustment method will find wide practical 

applications in the future. 
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Figure Captions: 

Figure 1: Geometry configuration of repeat-pass interferometry and terrain surface. 

Figure 2: Acquisition of a flow direction control point based on an ice flow stripe. 

Figure 3: Strip adjustment of two consecutive frames with velocity control points and tie points. 

Figure 4: Data coverage of Radarsat interferometric data over the Lambert Glacier and the 

Amery Ice Shelf acquired in 1997. 

Figure 5: Two-dimensional velocity fields derived by the speckle tracking method. (a) frame 

5082; (b) frame 5095. 

Figure 6: Velocity mosaic of frames 5082 and 5095. (a) processed by the frame-by-frame 

method; (b) processed by the simultaneous adjustment method 

Figure 7: Flow direction control points identified for frame 5095 based on visible ice flow stripes 

Figure 8: A seamless velocity mosaic over the Lambert Glacier and the Amery Ice Shelf derived 

by the unified least-squares adjustment 

Figure 9: Locations of interferometric SAR frames 5527 and 5544 over the upper stream of the 

Recovery Glacier, Antarctica. 

Figure 10: Velocity mosaic of frames 5527 and 5544 derived by coupling the phase unwrapping 

method and the speckle tracking method. (a) processed by the frame-by-frame method; (b) 

processed by the simultaneous least-squares adjustment. 

Table captions: 

Table 1: Comparison of model parameters of frames 5082 and 5095 calibrated by the frame-by-

frame method and the simultaneous adjustment method 

Table 2: Model parameters for frame 5095 derived respectively without using its own velocity 

control points and using flow direction control points 
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Table 3: The number of velocity control points and flow direction control points used in the 

unified least-squares adjustment of eight interferometric data frames over the Lambert Glacier 

and the Amery Ice Shelf. 

Table 4: Comparison of model parameters of frames 5527 and 5544 calibrated by the frame-by-

frame method and the simultaneous adjustment method. 
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Figure 1: Geometry configuration of repeat-pass interferometry and terrain surface. 
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Figure 2: Acquisition of a flow direction control point based on an ice flow stripe. 
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Figure 3: Strip adjustment of two consecutive frames with velocity control points and tie points. 
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Figure 4: Data coverage of Radarsat interferometric data over the Lambert Glacier and the 

Amery Ice Shelf acquired in 1997. 
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Figure 5: Two-dimensional velocity fields derived by the speckle tracking method. (a) frame 

5082; (b) frame 5095. 
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Figure 6: Velocity mosaic of frames 5082 and 5095. (a) processed by the frame-by-frame 

method; (b) processed by the simultaneous adjustment method 
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Figure 7: Flow direction control points identified for frame 5095 based on visible ice flow stripes 
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Figure 8: A seamless velocity mosaic over the Lambert Glacier and the Amery Ice Shelf derived 

by the unified least-squares adjustment 
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Figure 9: Locations of interferometric SAR frames 5527 and 5544 over the upper stream of the 

Recovery Glacier, Antarctica. 
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Figure 10: 

The velocity 

mosaic of 

frames 5527 and 5544 derived by coupling the phase unwrapping method and the speckle 

tracking method. (a) processed by the frame-by-frame method; (b) processed by the 

simultaneous least-squares adjustment. 
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Table 1: Comparison of model parameters of frames 5082 and 5095 calibrated by the frame-by-

frame method and the simultaneous adjustment method 

Frame-by-frame calibration Simultaneous calibration Model 

parameters Frame  5095 Frame 5082 Frame 5095 Frame 5082

a0 -7.77726 -1.22928 -7.61446 -1.25436

a1 -0.000225 -0.000278 -0.000257 -0.000267

a2 -0.0000074901 -0.0000143081 -0.0000127392 -0.0000154897

b0 -88.9 412.4678 -88.83 412.5

b1 0.0001488 0.0001197 0.0001361 0.0001225

b2 0.0000181 0.000001494 0.00001546 0.0000013
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Table 2: Model parameters for frame 5095 derived respectively without using its own velocity 

control points and using flow direction control points 

Model 
parameters 

Without velocity 
control points from 

frame 5095 

Using flow direction 
control points in frame 

5095 
a0 -7.53359 -7.67819

a1 -0.000278 -0.00024

a2 -0.0000131975 -0.0000141040

b0 -88.78 -88.7485

b1 0.00013 0.0001405

b2 0.000007757 -0.000005634
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Table 3: The number of velocity control points and flow direction control points used in the 

unified least-squares adjustment of eight interferometric data frames over the Lambert Glacier 

and the Amery Ice Shelf. 

Frame Stationary velocity 
control points 

Flow direction 
control points 

5095 16 0

5082 17 0

5065 15 0

5048 18 0

5032 14 0

5015 3 14

4998 0 9

4981 0 6
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Table 4: Comparison of model parameters of frames 5527 and 5544 calibrated by the frame-by-

frame method and the simultaneous adjustment method. 

Frame-by-frame calibration Simultaneous calibration Model 

parameters Frame  5527 Frame 5544 Frame 5527 Frame 5544

Φ0 (radian) -400.379 -260.424 -358.734 -274.013

b0 (pixel) 4.2529 -1.99040331 4.28945 -2.001547

b1 (pixel/pixel) 0.00011947 0.00010841 0.00011416 0.00011021

b2 (pixel/pixel) -0.00000379 0.00000114 -0.00000475 0.0000014

 

 


